Quantum entanglement and information processing 
via excitons in optically-driven quantum dots 
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We show how optically-driven coupled quantum dots can be used to prepare maximally entangled 
Bell and Greenberger-Horne-Zeilinger states. Manipulation of the strength and duration of the selec- 
tive light-pulses needed for producing these highly entangled states provides us with crucial elements 
for the processing of solid-state based quantum information. Theoretical predictions suggest that 
several hundred single quantum bit rotations and Controlled-Not gates could be performed before 
decoherence of the excitonic states takes place. 
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I. INTRODUCTION 

Quantum computation, quantum communication, 
quantum cryptography and quantum teleportation 
are some of the most exciting applications of the funda- 
mental principles of quantum theory. Since the seminal 
idea of Feynman in 1982 jy and the work of Deutsch 
in 1985 0, both pure and applied research in the field 
of quantum information processing has blossomed. In 
1994, Shor || opened the way to new fast quantum 
searching algorithms: he discovered that a quantum com- 
puter can factorize large integers. Two years later ar- 
rived the proof that quantum error-correcting codes exist 
0. Up until now, such quantum mechanical computers 
have been proposed in terms of trapped ions and atoms 
||, cavity quantum electrodynamics (QED) nuclear 
magnetic resonance Mj, Josephson junctions |ll[] and 
semiconductor nanostructures [Q schemes. All of the 
above proposals have decoherence and operational errors 
as the main obstacles for their experimental realization, 
which pose much stronger problems here than in classical 
computers. 

There is much current excitement about the possibility 
of using solid-state based devices for the achievement of 
quantum computation tasks. In particular, semiconduc- 
tor nanostructure fabrication technology is well devel- 
oped and hence offers us a wide and promising arena 
for the challenging project of building quantum informa- 
tion processors. Because of their quantum mechanical 
nature and their potential scalability properties, semi- 
conductor quantum dots (QDs) are very promising can- 
didates for the implementation of quantum computing 
processes. Several solid state design schemes for quantum 
computation have been proposed to date: Kane [[l2| has 
proposed a scheme which encodes information onto the 
nuclear spins of donor atoms in doped silicon electronic 
devices where externally applied electric fields are used to 
perform logical operations on individual spins. Loss and 
DiVincenzo [12] have presented a scheme based on elec- 



tron spin effects, in which coupled quantum dots are used 
as a quantum gate. This scheme is based on the fact that 
the electron spins on the dots have an exchange interac- 
tion J which changes sign with increasing external mag- 
netic field. Possible quantum gate implementations have 
also been proposed by Barenco et al. |l^ | by considering 
electronic charge effects in coupled QDs, however this 
scheme has as the main disadvantage rapid phonon de- 
coherence, as compared with the above proposals. More 
recently, Imamoglu et al. |l2] ] have considered a quantum 
computer model based on both electron spins and cavity 
QED which is capable of realizing controlled interactions 
between two distant QD spins. In their model, the ef- 
fective long-range interaction is mediated by the vacuum 
field of a high finesse microcavity, and single quantum 
bit (qubit) rotations and Controlled-Not (CNOT) opera- 
tions are realized using electron-hole Raman transitions 
induced by classical laser fields and the cavity mode. Vri- 
jen et al. ]l2] ] considered electron spin resonance transis- 
tors in Silicon-Germanium heterostructures: one and two 
qubit operations are performed by applying a gate bias. 

In this paper we focus on optically-driven coupled QDs 
in order to obtain highly entangled states of excitons and 
hence provide a mechanism for processing quantum in- 
formation over a reasonable parameter window, before 
decoherence of the excitonic states takes place. In the 
physical implementation of the quantum entanglement 
scheme proposed here, we exploit recent experimental 
results involving coherent optical control of excitons in 
single quantum dots on the nanometer and femtosecond 
scales [13 15 . The amazing degree of control of the quan- 
tum states of these individual "artificial atoms" |p| due 
to the manipulation of the confined state wave function 
of a single dot is an exciting and promising development. 
As one exciton can be trapped in the dot, we have the 
direct possibility to use QDs as elements with quantum 
memory capacity in quantum computation operations, 
through a precise and controlled excitation of the sys- 
tem. As demonstrated in |p|] , it is possible to excite and 



1 



probe only one individual QD within a broad distribution 
of dots, with the important result that the dephasing 
time is much longer in a single dot (40ps) than in the 
bulk semiconductors (< lps) studied before. Hence, new 
experimental work means that much longer intrinsic co- 
herence times are currently available, a fact of funda- 
mental importance when looking towards the practical 
implementation of single qubit rotations and quantum 
CNOT gates which are crucial elements for carrying out 
quantum information processing tasks. 

The outline of this paper is as follows: Section II gives a 
detailed description of the coupling of qubits (i.e. QDs) 
to pulses of light and the generation of maximally en- 
tangled Bell (or EPR) an d Greenberger-Horne- 
Zeilinger (GHZ) Jl8| states in systems comprising two 
and three quantum dots, respectively. The discussion of 
the results and experimental considerations are presented 
in Section III. In Section IV we review the elements re- 
quired for performing quantum computation tasks and 
the links with the solid state set-up proposed here. Con- 
clusions are given in Section V. 

II. 

GENERATION OF MAXIMALLY ENTANGLED 
STATES IN OPTICALLY-DRIVEN QUANTUM 
DOTS 

Quantum entanglement is of fundamental interest 
since many of the most basic aspects of quantum theory 
require its successful generation and manipulation. In 
particular Bell and GHZ maximally entangled states 
are the starting point for fundamental discussions such 
as the violation of Bell's inequalities Jl^] and the non- 
locality problem jl7), as well as for teleportation g and 
quantum cryptography [Q. Here we will show how to 
generate maximally entangled states of two and three 
qubits of the form \^ Be ll) = -^(jOO) + |11)) and 
\^ GHZ ) = -^=(|000> + e*> | 111)), for arbitrary values of 
the phase factor tp p(| , using a semiconductor nanostruc- 
ture set-up. We consider a system of N identical and eq- 
uispaced QDs, containing no net charge, which are radi- 
ated by long- wavelength classical light. Hence formation 
of single excitons within the individual QDs and their 
inter-dot transfer can be described in the frame of the 
rotating wave approximation (RWA) , by the Hamiltonian 

H|2|(fc=l): 

N N 

H(t) = i J2H c p - h P h U + ¥ E H h p' c P ' h l + 

p—i p,p'—i 

N N 

Mj^cp} + m E c l h t + **(*) E v P , (i) 
p— i p— i 

where c p (hj,) is the electron (hole) creation operator 
in the pth quantum dot, e is the QD band gap, W the 



interdot interaction, and £(t) the laser pulse shape. The 
operators involved in Eq. (1) obey the anticommutation 
rules {c p ',c|,} = = S pp >. By introducing the 

new operators 

N N 

j+ = E c p h l> J - = E h P c p> 
p—i p— i 

JV 

^ = §E{4s- v4h ( 2 ) 

Eq. (1) adopts the form 

H(t) = H + H L (t), (3) 

where 

H = eJ z + W(J 2 - 4), H L (t) = at)J+ + C(t)J-, 

(4) 

with J 2 = i[J + J_ + J-J+] + j\. The J,— operators o- 
bey the usual angular momentum commutation rela- 
tions [Jz,J±] — ±J±, [J+,J~] = 2Jz, and [J 2 , J+] = 
[J 2 , J_] = [J 2 ,J Z ] = 0. In going from Eq. (1) to Eq. 
(3) we have switched from a dot-selective (index p) to 
a non-selective description. Since the dots are equidis- 
tant from each other, this description is appropriate for 
up to 4 dots (placed at the corners of a tetrahedron). 
Hence the quantum dynamical problem associated with 
the time evolution of any initial state under the action of 
H(t) is described by: 

id t \*{t)) s = {H Q + H t {t)}m))s> (5) 

where the subscript S indicates Schrodinger picture. We 
consider the laser pulse shape = Ae~ luJt , where 

A gives the electron-photon coupling and the incident 
electric field strength. We also introduce the unitary 
transformation A(i) = e ~ lwJzt , whose application in 
the Schrodinger picture leads us from the laboratory 
frame (LF) to the rotating frame (RF) using the rule 
|*(t)) A = A^(t) \$f(t)) s . Hence Eq. (5) may be rewritten 
as: 

id t |*(t)) A = H> |*(t)) A , (6) 

with 

H' = A^Jz + WiJ 2 - J%)+AJ+ + A*J_ . (7) 

Here A w = e — lu is the detuning parameter. We 
note the importance of the A— transformation: the new 
Hamiltonian H' is time- independent. From a practical 
point of view, parameters A and A w are adjustable 
in the experiment to give control over the system of 
QDs (or qubits). Since J 2 commutes with the operators 
J±, H' may be diagonalized separately in each one 
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of these J— subspaces. Consider the {J, q} sub-space 
spanned by \M) = \J,M;q): the only possible values 
for J are -f-,^- — 1, 5 or 0, and for each J— fixed 
value, we have 2 J + 1 different values for M, which 
are given by M = -f , -f + 1, f - 1, f . We in- 
troduce the label q to further distinguish the states: 
q = 1, 2, Dj, where the multiplicity Dj, i.e. the 
number of states having angular momentum J and 
AI = J, is given by Dj = -rrwh (zlL.t) ■ The product 



states rifc=i \ m k) 

form a 2 N — dimensional basis which span the Hilbcrt 
space SU(2)® N . In this basis, the 2 N eigenvalues of H' 
are obtained by diagonalizing the Hamiltonian matrix of 
elements (J, M, q\ H' \J', M', q'). We get the non-zero el- 
ements as follows: 

(M\ H' \M') = (A^M + W [ J( J + 1) - M 2 ] ) S M m> + 

Ay/J(j+1)-M'(M' + 1) 5 M ,M'+1 + 

A*^J(J + 1) - M>{M> - 1) S m ,m'-i- (8) 

The matrix elements given in Eq. (8) provide us with 
the general rule for any number of QDs. Since the right 
side of this equation does not depend on q we only need 
to diagonalize a square matrix of side 2 J + 1 for each 
J. Every eigenvalue so obtained occurs Dj times in the 
entire spectrum. Next, we show that solving the eigen- 
function problem associated with Eq. (8) leads to the 
generation of highly N— entangled states of excitons in 
QDs. 



J+ «+lVf +.IJ 
mi,...,mjv) , with J z = J2k m k 



A. Coupling of N = 2 QDs and generation of Bell 
states 

In this section we describe the procedure for the 
generation of entangled Bell states \^Bell) — "^75 (1^0) + 
|H)) for arbitrary values of the phase factor (p. Here 
(1) denotes a zero-exciton (single exciton) QD, and the 
direct product of the quantum states \jk) = \j)<8i\k) form 
a four-dimensional basis in the Hilbert space SU(2) ® 
SU(2). In the J = 1 subspace |§, M = {-1,0,1}. We 
define \M X ) = \J =\,M = -1) = |0), |M 2 ) = 
I J = l,M = 0) = |1) , and |Af a ) = \J = l,M = 1) = |2), 
as the vacuum of excitons, the single-exciton state and 
the biexciton state respectively. In the absence of light, 
we have: 



E(J, M) = AuiM + W[J{J + 1) - Af 2 



(9) 



so the energy levels of the system are Eq = E(l,—1) = 
W - Au, Ei = E{1,0) = 2W, and E 2 = E(l,l) = 
W + A u . Note that E 2 ,o = E 2 - E Q = 2A U is unaffected 
by the interdot interaction strength W. Next, consider 
the action of the radiation pulse £(t) over this pair of 
qubits; in the J = 1 subspace the Hamiltonian adopts 
the simple form: 



W - A w V2A* 
//' : : I y/2A 2W V2A* 
V2A W + A U 



(10) 



where A = \A\ e 1 ^ defines the real amplitude and the 
phase of the electron-photon coupling. Diagonaliza- 
tion gives the eigenenergies and eigenf unctions associated 
with Eq. (10). We get 

E 3 - AWE 2 + (5W 2 -4 \A\ 2 - A 2 )E + 

2W(A 2 U + 2 \A\ 2 - W 2 ) = 0, (11) 

as the eigenenergy equation. In resonance A u = 0, hence 
we see that Eq. (11) has solutions: 



£ = W, and Ei. 2 = § [3W ± v/l6 \A\ 



W 2 



(12) 



The eigenenergies for the case of an off-resonance pulse of 
light can also be found analytically 0] . We do not give 
the explicit expressions for brevity. The eigenfunctions 
for the N — 2 problem are given by: 



\E 



10) 



-W 



V2\A\ 



1) 



E k ) = r fe x 

2\A\ 2 + (2W-E. )(E. +A U 



-W) 



2\A\ 2 



(13) 
|2)), 



where 

_ 1 

T k = y/2\A\ [l\A\ 2 + (A u + W)(E k +A U - W)\ ~\ 

with E k given as above (k — 0, 1, 2). The procedure des- 
cribed here enables us to perform the calculation of the 
laser pulse length required for generating the searched 
entangled Bell states. 

In general, for any value of N, the total wave function 
associated with the initial condition \^f(t = 0)) = j^o) 
can be expressed as \^(t)) A = Cke~ zEkt \ipk), where 

H' \ilj k ) = E k \ip k ), and \ip k ) = V A kj \M 3 ). Here the 

normalization coefficients Ck |25| depend on the chosen 
initial condition |^o)- The matrix elements A k j must be 
determined for each particular value of AT, and \Mj) = 
\J,Mj-,q) as indicated earlier in this section. Hence, the 
total wave function ^(t))^ can be written as: 



i^())A = EE^ e *i M i 



(14) 



For the case of N — 2 QDs, it is a straightforward exer- 
cise to compute the explicit coefficients of Eq. (14) for 
both of the J— subspaces that span the Hilbert space 
SU(2) ® SU(2). Next we centre our attention on the 
discussion of finding the conditions to produce the maxi- 
mally entangled Bell states. To achieve this, we project 
the state Bell) over the wave function given by Eq. (14) 
obtaining the result: 



Bell 



!*(*)>, 



^J2 Ck ( Aki + ei<PAk3 ) e ~ iEkt - 

k 



(15) 
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Under the unitary evolution of the Hamiltonian H' , the 
density of probability p(Bell) for finding the entangled 
Bell state in this coupled QD system is proportional to 
|«0| + (2|) \^{t)) A \ 2 . More explicitly we find 



p{Bell) = 



C k (A kl + e^A k3 ) e 



iE k t 



(16) 



Results and discussion of the time evolution described 
by Eq. (16), for several different combinations of the 
physical parameters in the model, are discussed later. 



B. Coupling of N 



3 QDs and generation of GHZ 
states 



Here we address the problem of generation of entangled 
GHZ states of the form \^ GHZ ) = ^ (|000) + |111>), 
for any ip, in the proposed system of 3 coupled QDs. 
In this case, the Hilbert space SU(2)® 3 is spanned by 
the eight basis vectors associated with the 3 differ- 
ent J— subspaces. Without loss of generality, consider 
the J = §— subspace as the only one optically active. 
We introduce the notation \M{) = |3/2, —3/2) = |0), 
|M 2 ) = |3/2,-l/2) = |1), |M 3 ) = |3/2,l/2) = |2>, and 
IM4) = |3/2, 3/2) = |3) to denote the vacuum state, the 
single-exciton state, the biexciton state and the triexci- 
ton state respectively. In the absence of light, the energy 
levels of the system are given by E n = £(3/2,-3/2) = 
l(W - A„), E 1 = £(3/2, -1/2) = !(7W - A*,), E 2 = 
£(3/2,1/2) = \{7W + A u ), and E 3 = £(3/2,3/2) = 
|(VK + A w ). We note that, as indicated in the preceding 
section, the energy separation £ 3i0 = £3 — £0 = 3A W is 
unaffected by the interdot interaction strength W. Now 
we consider the effect of the pulse of light £(i) over this 
system of 3 QDs in the J = |— subspace: the associated 
Hamiltonian is: 



H' 



2A 
\ 





2A* 

7W , 







V3A* 



2 V3A 2 3 -^ + 3 -f 



(17) 



Diagonalization leads us to the following 4th order equa- 
tion: 

([§(W - A u ) - £] [i(7W - A u ) - 25] - 3 \A\ 2 ) x 

([l(W + A„) - £] [\{7W + A„) - £] - 3 |A| 2 ) - 

4 |yl| 2 {l(W - A w ) - £) (l(W + A w ) - £) = 0, (18) 

which is non-trivial to solve analytically in the case of 
a pulse with arbitrary frequency ui. However, if £(t) 
is applied at resonance (A u = 0), we get the following 
eigenenergies: 



£0,1 = \W+ \A\ ± ^J(W + \A\f + 3\A\\ 
£2,3 



with eigenvectors: 



A| ±v /(^-L4|) 2 + 3L4| 2 , 



(19) 



l£ 



0,1; 



I°) + (^P)| 1 ) + (^P)| 2 ) + I 3 )]' ( 2 °) 



|£ 



2,3/ 



1°) + (^f) ID - ft^p) |2> - 13)] , (2D 



with 



1 + 1 

i = 0,...,3 are normalization constants. The associated 
total wave function |^>(t)) A (Eq. (14)) depends on the 
chosen initial condition \$>(t = 0)) = l^o) and is a linear 
combination of the eigenfunctions (20) and (21). We have 
computed, in both rotating and laboratory frames, the 
analytical expressions for \^>(t)) A for all of the initial con- 
ditions |*o) = {|0) , |1) , 1 2) , |3)}. As an example of this 
procedure, we give the result for the zero-exciton state 
as the initial state, i.e. |^o) — l-^i) = |0). In this case, 
the wave function |\£(i)) A is spanned by the following 
coefficients C k and A k f 



C Q = 



C 2 



jp 3W 
E 1 5- 



-,Ci 



jp 3W 

E T - 



2r/ (£i-£o)' 2r/i(£ -£i)' 



TP 3W 
£3 — 

2 m (£ 3 - £ 2 



jp 3W 

2r/ 3 (£2 - £3) ' 



(22) 



A 



\W)e 



'/() 



V3\A\ 



V3\A\ 

n J\ A \ — ^ — m 
m Am m - Am — m -e^m 



V3\A\ 

\^ J\A\ V3 



V3\A\ 

(E 3 -%W)e i2 «' 
V3\A\ 



J3<p 



V3 J 



(23) 



The density of probability p(GHZ) of finding the en- 
tangled GHZ state between vacuum and triexciton states 
is given by: 



p(GHZ) = i 



^C fc (A fel +e^4 fe4 )e- i£fct 



(24) 



Analytical and numerical computations have been per- 
formed for all of the initial conditions \^>o) mentioned 
above. These results enable us to obtain specific con- 
ditions for the realization of such maximally entangled 
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GHZ states starting from suitable tp— pulses and experi- 
mental parameters e, W, and A. Details are discussed in 
section III. 

The quantum dynamical problem given by Eq. (5) 
is easily expressed in terms of the expansion coeffi- 
cients d,M{t) of the wave function. As usual, we write 

|*(*)) A = - d M {t)e~ iEMt \M), so the time de- 
pendent problem is reduced to finding the solutions of 
the following set of 2 J + 1 linear differential equations: 

id t d M {t) = (25) 
Ay/J(J + \)-M(M-l) e {EM - EM - 1 - uj)it d M -i(t) + 
A* y/ J(J + 1) - M(M + 1) e^ EM - EM + 1+ ^ lt d M +i (t), 

where Em = E{J,M) +ui. More explicitly, Em,m-x = 
Em-Em-x = e + W[l - 2M], E m ,m+i = W[1 + 2M}- 
e, and the problem given by Eq. (25) can be expressed 
in terms of reduced units as follows: 

*d T f M (T) = (26) 
J( J + 1) - M(M - 1) e^ 1+ ^ 1 - 2M ^ iT f M -i(r) + 

\*y/j(J + 1) - M(M + 1) e -[l-Hl+2M)-,].T /M+i(r)] 

with the dimensionless parameters A =—,//= — , 
v=j, t = et, and d M (t) = f M (r) . The set'of Eqs. (26) 
gives the dynamics for any number of QDs and (J, M) 
values. Numerical solutions were found by varying the 
parameters A, /i, and v. Comparison between these nu- 
merical solutions and the analytical ones yields excel- 
lent agreement for the generation of both Bell and GHZ 
states, starting from suitable initial conditions |^q) • Re- 
sults will be addressed in the next section. 

III. RESULTS AND DISCUSSION 

In this section we discuss the main results obtained 
from the computation of both analytical and numerical 
solutions for the unitary evolution described in the pre- 
ceding section. Figure 1 shows the probability density 
for finding the entangled Bell state (N = 2) between 
vacuum and biexciton states given by Eq. (16) as a func- 
tion of time for the initial condition \^q) = |0). As seen 
from Fig. 1, selective pulses of length t b can be used 
to create maximally entangled Bell states in the system 
of two coupled QDs. The energy W is kept fixed while 
the amplitude of the radiation pulse A is varied. The 
results indicate that the time t b is increased with di- 
minishing incident field strength A. As an example, we 
consider wide-gap semiconductor QDs, like ZnSe based 
QDs, with band gap e = 2.8 eV and resonant optical 
frequency w = 4.3 x 10 15 s~ x . For a or 2ir— pulse, 
W = 0.1 and A = Fig. 1(a) shows that the genera- 
tion of the state —j= (|0) + |2)) requires a pulse of length 



t b = 7.7 x 10~ 15 s. By changing the value of the para- 
meter A (see Figs. 1(b), (c) and (d)), we can modify the 
length t b of this Bell pulse (Fig. 1 covers the interval 
lCP n s < t b < 10~ 15 s). Another method for manipulat- 
ing the length t b is shown in Fig. 2. Here we vary W 
for fixed A = 10~ 3 . Experimentally, this variation of W 
can be tailored by changing the interdot distance. In this 
case, the analysis shows that for a fixed value of A the 
length t b decreases with decreasing interaction strength 
W. 

The same investigation of parameter dependance was 
performed for the case of the entangled GHZ state (N — 
3) between vacuum and triexciton states. We calculate 
the probability given by Eq. (24) as a function of time, 
starting with the initial condition |^ ) = |0). Figure 3 
shows the selective pulses used to create such maximally 
entangled GHZ states in the system of three coupled 
QDs. For example, in the case of Fig. 3(a), the gene- 
ration of the GHZ state (|0) + |3)) requires a time 

t ghz = 1*3 x 10~ 14 s. Figures 3(b), (c), and (d) explore 
several different ranges for the t ghz — pulses required in 
the generation of such GHZ states. For fixed W, the time 
t ghz increases with decreasing incident field strength A. 
In contrast, for fixed A, the length t ghz decreases with 
decreasing interdot interaction strength. 

The above results are not restricted to ZnSe-based 
QDs: by employing semiconductors of different bandgap 
e (e.g. GaAs), other regions of parameter space can 
be explored. We have studied the time evolution of 
the system of QDs for several different values of the 
phase tp. These give similar qualitative results to the 
ones discussed previously. Here we only include the 
or 2ir— pulse results since these are ones corresponding 
to the discussion in Sec. IV. The relevant experimen- 
tal conditions as well as the required coherent control to 
realize the above combinations of parameters, are com- 
patible with those demonstrated in Ref. We point 
out that the procedure described in this paper is valid 
for any value of the phase constant tp, in contrast to 
Ref. [pl| where analytic results were derived for the par- 
ticular case tp = ~. The generation of maximally en- 
tangled states in this paper has considered the experi- 
mental situation of global laser pulses only; however, 
by using near-field optical spectroscopy p5| , individual 
QDs from an ensemble can be addressed by using lo- 
cal pulses, a feature that can be exploited to generate 
entangled states with different symmetries, such as the 
antisymmetric state i(|01) — 1 10)) . We will hence be 
able to generate the complete Bell basis consisting of 
four mutually orthogonal states for the 2 qubits, all of 
which are maximally entangled, i.e. the set of states 
^{(|00>+|11», (|00>-|11», (|01>+|10», (|01) |10))>. 
From a general point of view, this basis is of fundamental 
relevance for quantum information processing. We stress 
that the optical generation of excitonic entangled states 
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in coupled QDs given here could be exploited in solid 
state devices to perform quantum protocols, as recently 
proposed in Ref. for teleporting an excitonic state in 
a coupled QD system. 



IV. QUANTUM INFORMATION PROCESSING 
IN COUPLED DOTS 



To perform quantum computation operations, we can 
use an initial pure state followed by a series of transfor- 
mations on this state using unitary operations. Another 
possibility is to use an initial mixed state, providing 
the decoherence time is sufficiently long |n|. In or- 
der to implement such quantum operations we need 
two elements: the Hadamard transformation and the 
quantum CNOT gate. In the orthonormal computa- 
tion basis of single qubits {|0) , |1)}, the CNOT gate acts 
on two qubits \(fi) and \ifj) simultaneously as follows: 
CNOTjjdyjj) \<fj}) i— > \<fi) \<pi © (fj) ■ Here © denotes ad- 
dition modulo 2, and the indices % and j refer to the con- 
trol bit and the target bit respectively. The Hadamard 
transformation H T acts only on single qubits by per- 
forming the rotations: H T (\0)) i-> -±= (|0) + |1» , and 

^ T (|l)) l— ¥ (|0) — In our scheme, |0) represents 
the vacuum state for excitons while |1) represents a sin- 
gle exciton. Experimental demonstration of single qubit 
rotations (and hence the Hadamard transformation) in 
the case of individual excitons confined to QDs should 
now be possible, as a result of a recent experiment re- 
porting direct observation of excitonic Rabi oscillations 
in semiconductor quantum wells |p7| . Despite the fact 
that Rabi Flopping in QDs is still under intensive exper- 
imental study, results given in Ref. J27|] lead us to believe 
that we are not too far away from the experimental ob- 
servation of such excitonic Rabi oscillations in QDs and 
hence the demonstration of single qubit operations. 

The adequate preparation, computation and readout 
of information, in addition to the coherent coupling of 
the qubits to the environment, are compulsory steps for 
the successful construction of a universal quantum com- 
puter. We briefly review these requirements and their 
relationship with the model proposed here: (1) A very 
well defined Hilbert space: We must have an adequate 
control over the Hilbert space of qubits. In our scheme, 
the orthonormal computation basis of single qubits is rep- 
resented by the vacuum state (|0)) and the single state 
of excitons (|1)). (2) Initializing the computer. Before 
commencing any quantum computation task, we need a 
rapid relaxation of our qubits to their ground state, i.e. 
zero excitons per dot. In our case, numerical values indi- 
cate that this state is easily achieved by turning the laser 
off and waiting for a few femtoseconds. (3) Inputting ini- 
tial data and readout: As pure and entangled states with 
different symmetries can be obtained using the experi- 



mental techniques described in Ref. |13j-|15[, we would 
have the ability to manipulate the input of the quantum 
state of the QD system. Hence, we would have the exper- 
imental possibility to control the optical excitation and 
to detect individual QD signals from an entire dot en- 
semble, thereby facilitating individual qubit control for 
the readout. In fact, nanoprobing enables us to measure 
directly the excitonic and biexcitonic luminescence from 
single QDs 15 1. (4) Universal set of gate operations: We 



need to be able to perform single qubit rotations and two 
qubit gates. We stress that the generation of the maxi- 
mally entangled states shown in Figs. 1 — 3 corresponds 
to the physical realization of a Hadamard transformation 
followed by a CNOT operation in the Bell case, and two 
CNOT operations in the GHZ case. As to the practical 
semiconductor nanostructure implementation, this set of 
gate operations is in a preliminary stage of investigation 
and demands intensive experimental study. (5) Deco- 
herence and the coupling to the environment: By taking 
into account decoherence mechanisms (exciton-acoustic- 
phonon type) on the process of generation of the entan- 
gled states discussed here, a recent work by Rodriguez et 
al. ps{ ] has shown that this generation is preserved over 
a reasonable parameter window hence giving the possi- 
bility of performing the unitary transformations required 
for quantum computing before decoherence of the exci- 
tonic states takes place. 



V. CONCLUSIONS 

In summary, we have solved both analytically and 
numerically the quantum mechanical equation-of-motion 
for excitons in two and three coupled QD systems driven 
by classical pulses of light. By doing this, we have 
been able to provide a mechanism for preparing max- 
imally entangled Bell and GHZ states via excitons in 
optically-driven QDs, exploiting current levels of coher- 
ent optical control such as the ones demonstrated us- 
ing ultra-fast spectroscopy [|l3],[l4| and near-field optical 
spectroscopy [ jl5| . This mechanism enables us to gen- 
erate single qubit rotations, such as the Hadamard one, 
and quantum CNOT gates. In particular, the procedure 
presented here leads us to the generation of the whole 
Bell basis, a fact that can be exploited in the process of 
quantum teleportation of excitonic states in systems of 
coupled QDs Furthermore, by taking into account 
the main decoherence mechanisms, e.g. exciton-acoustic- 
phonon, we find that this optical generation of quantum 
entanglement is preserved over a reasonable parameter 
window. This leads to the possibility of performing sev- 
eral hundred quantum computation operations before de- 
coherence of these excitonic states takes place. 
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FIG. 1. Generation of the Bell State ^-(|00) + 111». These 
pulses correspond to the realization of the Hadamard gate 
followed by a quantum CNOT gate. W = 0.1, (p = Q, and 
(a) A = (b) A = i, (c) A = KT 2 , and (d) A = 10" 3 . 
In the Figures 1—3, |^(t)) denotes the total wavefunction 
of the system at time t in both laboratory (solid curves) and 
rotating frames (dashed curves) . The energy is in units of the 
band gap e, and \^o) ~ |0) in all of the figures. 



FIG. 2. Generation of the Bell state 

A = 10" 3 , <p = 0, and (a) W = 0.1 
(c) W = 10" 2 . 
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FIG. 3. Generation of the GHZ state -^-(|000> + |1H)). 
These pulses correspond to the realization of the Hadamard 
gate followed by two quantum CNOT gates. W — 0.1, tp = 0, 
and (a) A = (b) A = i, (c) A = 10~ 2 , and (d) A = 10~ 3 . 
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